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In the previous publications (E. Kogan and V. U. Nazarov, Phys. Rev. B 85, 115418 (2012)
and E. Kogan, Graphene 2, 74 (2013)) we presented point group symmetry classification of energy
bands in graphene. In the present note we generalize classification by considering the space group
symmetry. Also in the framework of group theory we describe destruction of the Dirac points in
graphene by a supercell potential.
PACS numbers: 73.22.Pr
INTRODUCTION
Understanding of the symmetries of the electrons dis-
persion law in graphene is of crucial importance. Actu-
ally, the symmetry classification of the energy bands in
graphene (or "two-dimensional graphite") was presented
nearly 60 years ago by Lomer in his seminal paper [2].
Later the subject was analyzed by Slonczewski and Weiss
[3], Dresselhaus and Dresselhaus [4], Bassani and Par-
ravicini [5]. Recent approaches to the problem are pre-
sented in the papers by Malard et al. [6], Manes [7].
Different approaches to the symmetry classification are
based on different methods of applications of group the-
ory.
In our paper [8] the labeling of the bands was based on
compatibility relations and guesses. In the next publica-
tion [9] we have shown that in the framework of the tight-
binding approximation the representations of the little
group in the symmetry points can be rigorously found in
the framework of the group theory algebra. Though the
idea of using the tight-binding approximation is by no
means new (it was used already in the work by Lomer),
our approach is different, and, to our opinion, more con-
venient for applications.
Unfortunately, however well the subject is studied,
there is always an opportunity to make a mistake. The
mistake in our symmetry classifications of the bands at
the point Γ was pointed in the recent paper [10]. Moti-
vated by that criticism, we reanalyzed the subject, found
the source of the mistake and corrected it. This analysis,
which is intended to be read together with Ref. [9], we
start the paper from. Then we present classification of
the electron bands in the most interesting points (the cor-
ners of the Brillouine zone) considering space symmetry
group. Finally we show how the symmetry of the states
changes under application of supercell potential.
TIGHT–BINDING MODEL
Our tight-binding model space includes four atomic or-
bitals: |s, p >. (Notice that we assume only symmetry
of the basis functions with respect to rotations and re-
flections; the question how these functions are connected
with the atomic functions of the isolated carbon atom is
irrelevant.) We search for the solution of Schroedinger
equation as a linear combination of the functions
ψjβ;k =
∑
Rj
ψβ (r − Rj) eik·Rj , (1)
where ψβ are atomic orbitals, j = A,B labels the sub-
lattices, and Rj is the radius vector of an atom in the
sublattice j. A symmetry transformation of the func-
tions ψjβ;k is a direct product of two transformations: the
transformation of the sub-lattice functions φA,B
k
, where
φj
k
=
∑
Rj
eik·Rj , (2)
and the transformation of the orbitals ψβ . Thus the rep-
resentations realized by the functions (1) will be the di-
rect product of two representations.
The Hamiltonian of graphene being symmetric with
respect to reflection in the graphene plane, the bands
built from the |z > orbitals decouple from those built
from the |s, x, y > orbitals. The former are odd with
respect to reflection, the latter are even. In other words,
the former form pi bands, and the latter form σ bands.
The group of wave vector k at the point Γ is D6h,
at the point K is D3h, at the point M is D2h, at the
lines constituting triangle Γ − K −M is C2v [11]. The
representations of the group D6h can be obtained on the
basis of the identity
D6h = C6v × Cs. (3)
2Cs E σ
Ci E I
A′ Ag 1 1
A′′ Au 1 −1
C6v E C2 2C3 2C6 3σv 3σ
′
v
D6 E C2 2C3 2C6 3U2 3U
′
2
D3h E σ 2C3 2S3 3U2 3σv
A1 A1 A
′
1 1 1 1 1 1 1
A2 A2 A
′
2 1 1 1 1 −1 −1
B2 B1 A
′′
1 1 −1 1 −1 1 −1
B1 B2 A
′′
2 1 −1 1 −1 −1 1
E2 E2 E
′ 2 2 −1 −1 0 0
E1 E1 E
′′ 2 −2 −1 1 0 0
Table I: Character table for irreducible representations
of Cs, Ci and C6v, D6, D3h point groups
E C2 2C3 2C6 3U2 3U
′
2 I C2I 2C3I 2C6I 3U2I 3U
′
2I
E C2 2C3 2C6 3σvσ 3σ
′
vσ C2σ σ 2C6σ 2C3σ 3σ
′
v 3σv
Table II: Correspondence between the products of the
symmetry operations of the groups D6 and Ci and the
products of the symmetry operations of the groups C6v
and Cs.
We have found [9] that at the point Γ the orbitals |z >
realize
(A1 +B2)×A′′ (4)
representation, the orbitals |s > -
(A1 +B2)×A′ (5)
representation, and the orbitals |x, y > -
(E1 + E2)×A′ (6)
representation of the group D6h. In Eqs. (4) - (6) the
first multiplier refers to the irreducible representations
of the group C6v, and the second multiplier refers to the
irreducible representations of the group Cs (the character
tables are presented in Table I).
The irreducible representations of the group D6h are
traditionally labelled not on the basis of the identity (3),
but on the basis of the alternative identity
D6h = D6 × Ci. (7)
Thus each representation of the groupD6, say A1, begets
two representations: even A1g and odd A1u.
To decompose the product of representations (4) - (6)
with respect to the irreducible representations of the
group D6h we need to express the products of the sym-
metry operations of the groups C6v and Cs through the
products of the symmetry operations of the groups D6
and Ci. Using elementary algebra we obtain
A1 ×A′ = A1g
B2 ×A′ = B1u
A1 ×A′′ = A2u
B2 ×A′′ = B2g
E1 ×A′ = E1u
E2 ×A′ = E2g
. (8)
C2v D6h D3h
Rep Compatible with
A1 A1g , B2u, E1u, E2g A
′
1, E
′
A2 A1u, B2g , E1g, E2u A
′′
1 , E
′′
B1 B1u, A2g, E1u, E2g A
′
2, E
′
B2 A2u, B1g , E1g, E2u A
′′
2 , E
′′
Table III: Compatibility relations
D2 E C
z
2 C
y
2
Cx2
A 1 1 1 1
B3 1 −1 −1 1
B1 1 1 −1 −1
B2 1 −1 1 −1
Table IV: Character table for irreducible
representations of D2 point group
We have found [9] that at the point K the orbitals
|z > realize E′′ representation, the orbitals |s > realize
E′ representation, and the orbitals |x, y > realize A′1 +
A′2 + E
′ representation of the group D3h.
After that, using the compatibility relations presented
in Table III [8, 11], we obtain classification of the energy
bands in graphene, presented on Fig. 1.
In addition to what was done in our previous publica-
tions [8, 9], we analyzed the symmetry of the pi bands
at the point M . Irreducible representations of the point
group D2h are obtained on the basis of identity
D2h = D2 × Ci. (9)
Consider the point M =
(
2pi
3a , 0
)
. In the linear space
spanned by the functions ψA,Bz;M we get χ(E) = 2, χ(C
x
2 ) =
−2, χ(Cy2 I) = 2, χ(Cz2 I) = −2. All the other traces are
equal to zero. Hence the functions ψA,Bz;M realize
R = B1u +B2g (10)
representation of the group.
It was recently shown [13] that parts of the 2D bands
inside the 3D continuum (gray background in Fig. 1)
turn from true bound-state bands into scattering reso-
nances, by acquiring a finite life-time due to the coupling
of the in-plane and perpendicular motions.
SPACE GROUP ANALYSIS
In our previous publications [8, 9] classification of the
energy bands in graphene was done on the basis of point
group analysis. However, more general analysis can be
performed on the basis of space group symmetry [14, 15].
Space group of graphene is P6/mmm. Consider the
most interesting and practically important case of the
symmetry analysis at the points K,K′. The little group
at the point K (K′) is P3/mm. Because P3/mm is a
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Figure 1: (Color online) Graphene band structure
evaluated with use of the FP-LAPW method and the
code Elk [12]. The dashed line shows the Fermi energy.
D3h E σ C3 U2
DE
′
(
1 0
0 1
) (
1 0
0 1
) (
0 −1
1 −1
) (
0 1
1 0
)
DE
′′
(
1 0
0 1
) (
−1 0
0 −1
) (
0 −1
1 −1
) (
0 1
1 0
)
Table V: Matrices for irreducible representations of D3h
point group
symmorphic group, matrices of the allowed irreps of the
little group D
K,i
can be easily connected with the matri-
ces of the small representations Di of the little co-group
D3h
DK,i(W˜ , t) = e−iK·tDi3h(W˜ ). (11)
In the l.h.s. of Eq. (11) the first term in the brackets is a
point symmetry operator of the little co-group, and the
second term is the translation vector
t = n1t1 + n2t2 =
n1
2
(3,
√
3) +
n2
2
(3,−
√
3). (12)
The generators of D3h are E, σ,C3, U2. For one di-
mensional representations the matrices coincide with the
traces in Table I. The matrices for the two dimensional
representations are presented in Table V.
The k-vector star is
∗ K = {K,K′} =
{(
2pi
3
,
2pi
3
√
3
)
,
(
2pi
3
,− 2pi
3
√
3
)}
.(13)
To find induction matrix of the space group repre-
sentations we have to decompose P6/mmm relative to
P3/mm
P6/mmm = P3/mm ∪ (C2,0)P3/mm. (14)
The coset representatives of P6/mmm relative to
P3/mm are
{q1, q2} = {(E,0), (C2,0)} . (15)
(W,w) qi q
−1
i q
−1
i (W, t) qj q
−1
i (W, t)qj Mij 6= 0
= (W˜ , t˜)
(E, t) (E,0) (E, 0) (E, t) (E, 0) (E, t) 11
(C2,0) (C2,0) (C2, C2t) (C2,0) (E,C2t) 22
(C6,0) (E,0) (E,0) (C6,0) (C2,0) (C3,0) 12
(C2,0) (C2,0) (C3,0) (E,0) (C3,0) 21
(U2,0) (E,0) (E,0) (U2, 0) (U2, 0) (E,0) 12
(C2,0) (C2,0) (σv, 0) (E,0) (σv,0) 21
(Ci,0) (E,0) (E,0) (Ci,0) (C2,0) (σ, 0) 12
(C2,0) (C2,0) (σ,0) (E,0) (σ, 0) 21
Table VI: Induction matrix
To find representations of all the operators of the space
group (W, t), it is enough to find representations of the
operators
(E, t), (C6,0), (U2,0), (Ci,0). (16)
The induction matrix is presented in Table VI
Thus we obtain matrices of the irreps of the space
group
D∗K,i(E, t) =
(
e−iK·tDi3h(E) 0
0 eiK·tDi3h(E)
)
=
(
e−
2pii
3
(2n1+n2)Di3h(E) 0
0 e
2pii
3
(2n1+n2)Di3h(E)
)
(17)
D∗K,i(C6,0) =
(
0 Di3h(C3)
Di3h(C3) 0
)
D∗K,i(U2,0) =
(
0 Di3h(E)
Di3h(σv) 0
)
D∗K,i(Ci,0) =
(
0 Di3h(σ)
Di3h(σ) 0
)
. (18)
Representation of any other operator belonging to the
space group can be ontained using Eq. (17).
DESTRUCTION OF DIRAC POINTS
In this note we also apply the group theory to ana-
lyze what happens at the points K,K′ in graphene on
a substrate with a perfectly commensurate superlattice
potential, which has the same point symmetryD6h as the
graphene. We consider explicitly a
√
3×√3 superlattice,
known as the Kekule distortion of the honeycomb lattice
[16]. In this case the allowed translations in the space
group are to the vector
t =
3n˜1
2
(
1,
√
3
)
+
3n˜2
2
(
1,−
√
3
)
, (19)
which being substituted into Eq. (12) gives 2n1 + n2 =
3n˜1. Thus the representation of the translation operator
in Eq. (17) becomes
D∗K,i(E) =
(
Di3h(E) 0
0 Di3h(E)
)
. (20)
4In simple terms we may consider the Brillouine zone (BZ)
of the superlattice as the folding of the original BZ [16,
17]. The folding leads to the identification of the corners
of the original BZ (K and K′) with the center Γ˜ of the
new BZ.
To study the fate of the Dirac points (at the Fermi
level) we should consider E′′ representation as Di3h. We
can forget now about space groups and decompose (re-
ducible) representation of the group D6h defined by the
representations of its operators (18), (20) with respect to
the irreducible representations of the group. It is conve-
nient to use equation
aα =
1
g
∑
G
χ(G)χ∗α(G), (21)
which shows how many times a given irreducible repre-
sentation α is contained in a reducible one [18]. In Eq.
(21) nα is the dimensionality of the irreducible represen-
tation α, g is the number of elements in the group, χα(G)
is the character of an operator G in the irreducible rep-
resentation α and χ(G) is the character of the operator
G in the representation being decomposed.
For the representation considered, the relevant char-
acters are χ(E) = 4, χ(C3) = −2, χ(CiC2) = −4,
χ(CiC6) = 2. Hence representation of the group D6h
realized by the functions ψA,Bz;K and ψ
A,B
z;K′ in the recon-
structed graphene can be decomposed as
R = E1g + E2u. (22)
We see that due to supercell potential two degenerate
Dirac points disappear. At the point Γ˜ we have two
merging bands realizing representation E1g and another
two merging bands realizing representation E2u. In the
vicinity of the point Γ˜ the dispersion law of each pair of
bands is represented by a pair of isotropic paraboloids
(touching each other at the point Γ˜).
The folding of the BZ, together with the destruction of
previously existing Dirac points, leads to appearance of
the new ones. In fact, the new BZ is still a hexagon, and
the same symmetry arguments as were used for graphene
can be used to explain appearence of the Dirac points
at the corners of the new BZ (K˜, K˜′). However, these
new Dirac points are situated deep below or high above
the Fermi level and, hence, less manifest themselves than
Dirac points of unreconstructed graphene.
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